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Abstract 

In this paper, we study the differentiability of solutions of stochastic differential equations 
driven by the G-Brownian motion with respect to the initial data and the parameter. In ad- 
■ dition, the stability of solutions of stochastic differential equations driven by the G-Brownian 

C$ , motion is obtained. 
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; 1 Introduction 

t-H ■ 

Motivated by statistic model uncertainty, risk measures, superhedging in finance and ^-expectation, 
Peng (see [7J, [9], [TO], [12] and [13]) has introduced a new type of nonlinear expectation- 
G-expectation. Together with the notion of the G-expectation Peng introduced the related 
G-normal distribution and the G-Brownian motion and established an Ito calculus for the G- 
Brownian motion. 

In the framework of G-expectations, the G-Brownian motion has been defined and many 
interesting facts that rather different from classical case have been studied. The G-Brownian 
motion has a very rich and interesting new structure which non-trivially generalizes the classical 
one. A very interesting new phenomenon of the G-Brownian motion B is that its quadratic 
process {B) is a stochastic process and has independent and stationary increments which are 
identically distributed. Also, the law of large numbers and central limit theorem under nonlinear 
expectations were obtained by Peng (see [8], [H] and [H]). 

Peng (see [7J , [9] , [TO] , [13] ) derived the existence and uniqueness of the solution to stochastic 
differential equations with Lipschitz coefficients on the coefficients driven by the G-Brownian 
motion. Recently, Gao [I] studied pathwise properties and homeomorphic flows for stochastic 
differential equations driven by the G-Brownian motion. Lin [6] obtained the continuity of 
stochastic integrals with respect to the G-Brownian motion and solutions of stochastic differential 
equations depending on parameters driven by the G-Brownian motion. Bai and Lin [T] obtained 
the existence and uniqueness of solutions to stochastic differential equations driven by the G- 
Brownian Motion with integral-Lipschitz coefficients. 

The purposes of this paper is to investigate the differentiability of solutions of stochastic 
differential equations driven by the G-Brownian motion with respect to the initial data and the 
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parameter. In addition, the stability of solutions of stochastic differential equations driven by 
the G-Brownian motion is obtained. 

The rest of the paper is organized as follows. In Section 2, we introduce some notations and 
preliminaries, which we will need in what follows. In Section 3, we study the differentiability of 
solutions of SDEs driven by the G-Brownian motion with respect to the initial data. In Section 
4, we study the differentiability of solutions of SDEs driven by the G-Brownian motion with 
respect to the parameter. In Section 5, we obtain a stability result of solutions of stochastic 
differential equations driven by the G-Brownian motion. 

2 Notations and preliminaries 

The objective of this section is to briefly recall the theory of the G-expectation and the related 
G-stochastic analysis (see Peng [7], [9], [TO] and [TO] for more details). 

Let S] be a given nonempty set and H be a linear space of real functions defined on O such 
that if xi, • • •, x m G % then <p{x\, ■ ■ •, x m ) G fi, for each tp G G^j p (E m ). Here Ci : u p (R m ) denotes 
the linear space of functions p> satisfying 

\<p(x) - <p(y)\ < G(l + |a;| n + | ? /| n )|2;-y|, for allx,yGE m , 

for some G > and n G N, both depending on ip. The space 7i is considered as a set of random 
variables. 

Definition 2.1 A Sublinear expectation E on H is a functional E : H *- > E satisfying the 
following properties: for all X,Y G %, we have 

(i) Monotonicity: If X >Y , then E[X] > E[Y]. 

(ii) Constant preserving: E[c] = c, for all c£l. 

(Hi) Self-dominated property: E[X] - E[Y] < E[X - Y]. 
(iv) Positive homogeneity: E[AX] = AEpT], for all A > 0. 
The triple (£l,H,E) is called a sublinear expectation space. 

Remark 2.2 The sublinear expectation space can be regarded as a generalization of the classical 
probability space ($7, J-, P) endowed with the linear expectation associated with P. 

Definition 2.3 In a sublinear expectation space (f2, H, E), a random vector Y = (Yi, • • • , Y n ),Yi G 
%, is said to be independent under E of another random vector X = (Xi, ■ ■ ■ ,X m ),Xi G 7~L, if 
for each test function p G Ci t ii p (M m+n ) we have 

E[p(X,Y)} =E[E[p(x,Y)] x=x }. 

Definition 2.4 (G-normal distribution) Let be given two reals a, a with < a < a. A ran- 
dom variable £ in a sublinear expectation space (f2, %, E) is called G a ^-normal distributed, denoted 
by £ ~ AA(0, [a; 2 , a 2 ]), if for each p G G/ i /j p (M), the following function defined by 

u(t, x) := E[p(x + Vi£)], (t, x) G [0, oo) x E, 

is the unique continuous viscosity solution with polynomial growth of the following parabolic 
partial differential equation : 

d t u(t, x) = G(d 2 xx u{t, x)), (t, x) G [0, oo) x E, 

< 

n(0, x) = p{x). 



2 



Here G = is the following sublinear function parameterized by a and a: 

G(a) = \{° 2 a + ~ £ 2 a~), «£K 
(Recall that a + = max{0, a} and a~ = — mm{0, a}). 

For simplicity, we suppose that a = 1 and a = cr,0<a< 1, in what follows. 

Throughout this paper, we let f2 = Co(K + ) be the space of all real valued continuous functions 
(oJt)teR+ w hh wo = 0, equipped with the distance 

oo 

piu 1 , uj 2 ) = y^2~ 4 (max \ui} — A 1 , u},co 2 £Q. 
*H L te[o,i] J 

For each T > 0, we consider the following space of random variables: 
L%{?t) ■= {x(oj) = <p(oj tl --- ,oj tm ) | ti,-.. ,t m G [0,T], for all ip G Cm P (R m ), m > l}. 
We notice that X,Y G ^(J 7 *) implies ITe ^(^i) and \X\ G L° ip (F t ). We further define 

oo 

L°,(.F) = (J L°,(.F n ). 

71=1 

We will work on the canonical space fi and set B t (ui) = Ut, t G [0, oo), for cj G fi. 

We now introduce a sublinear expectation E defined on Hj< = L^JFt) as well as on = 
L° ip (F). For this, we consider the function G(a) = \(a + - cr 2 a~), a£l (with a 2 = 1, a 2 = a 2 G 
[0, 1]), and we apply the following procedure: for each X G H° with 

X = if(B tl - B to , B t2 - B tl , ■ ■ ■ , B tm - B tm _ x ) 

for some m > 1, <p G Ci u p (W n ) and = to < t\ < ■ ■ ■ < t m < oo, we set 

E[cp(B tl - B t0 , B t2 - B tl , • • • , B tm - Bt^)} 

= E[y(\/ii — *o£i, Vh — ti&, ■ ■ ■ , y/t m — tm-l€m)], 

where (£i,£2> - "" j£m) is an m-dimensional G- normal distributed random vector in a sublinear 
expectation space (fi,%,E) such that £j ~ jV(0, [<r 2 , 1]) and is independent of (£i, • • • , £j) 
for each i = 1, 2, • • • , m — 1. 

The related conditional expectation of X = ip(Bt x — B to ,B t2 — B tl , • • • , i?t m — B tm _ 1 ) under 

is defined by 

t[X\n° t .} = E[ip(B tl - B to ,B t2 -B tl ,--- , B tm - B tm _ x )\Hl] 
= ip(B tl - B to ,B t2 - B tl , - • • , B tj - B tj _ x ), 

where 

lfj(xi,X 2 , ■■■ ,Xj) = E[(f(xi,X 2 , ■ ■ ■ ,Xj, y/tj + l ~ tj£j+l, ■■■ , y/t m - t m -l£ m )], 

(x\,X2, • • • , Xj) G R J , < j < m. 

For p > 1, \\X\\ P = Ep[\X\ p ], X G L° ip (F) defines a norm on L° ip (F). Let H = L P G {F) 
(resp. Tit = L p G (Ft)) be the completion of LP ip {F) (resp. L° ip {Ft)) under the norm || • || p . 
Then the space (L G (F),\\ • \\ p ) is a Banach space and the operators E[-] (resp. E[-|% 4 ]) can 
be continuously extended to the Banach space L G (F) (resp. L G {Ft)). Moreover, we have 
L p G (F t ) C L P G {F T ) C L P G (F), for all < t < T < oo. 
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Definition 2.5 The expectation E : Lq^J 7 ) h- > R defined through the above procedure is called 
G- expectation. 

Proposition 2.6 For all t,s £ [0,oo), we list the properties ofE[-\7it] that hold for all X,Y G 
LW ■ 

(i) IfX>Y, then E[X\H t ] > E[Y\n t ]; 

(ii) E[ V \H t ] = V, for all r, G L P G (T t ); 
(in) E[X\H t ] - W\U t ] < E[X - Y\H t ]; 

(iv) IfE[Y\Ht} = -&[-Y\H t ], thent[X + Y\n t }=E[X\Ht]+t[Y\Ht]; 

(v) E[E[X\n t ]\n s ] = E[X\n tA s], and, in particular, E[E[X\H t ]] = E[X}. 

For p > 1 and arbitrary but fixed < T < oo, we first consider the following space of step 
processes: 

, N-l 

Afg°(0, T) = L:r) t = J2 ^M.+i)' = t < h < ■ ■ ■ < t N = T, 
1 i=o 

& G 1^), j = 0, ■ ■ ■ ,iV - l,for all JV > 1 

and we define the following norm in 

rT \ 1 / 1 N ~ l 



j=0 

Finally, we denote by M G (0,T) the completion of M G '°(0, T) under the norm || • || p . 

Definition 2.7 A process B = {Bt,t > 0} in a sublinear expectation space (fl, ~H,E) is called a 
G-Brownian motion if for each n G N and < t\ < ■ ■ ■ < t n < oo, B tl , ■ ■ ■ ,B tn G T~L and the 
following property satisfied: 

(i) B = 0; 

(ii) For each t,s > 0, the difference Bt+ S — Bt is M(0, [o~ 2 s, s])- distributed and is independent 
of(B h ,-- ■ ,B tn ), for all n G N and <h < ■ ■ ■ <t n < t. 

Remark 2.8 The canonical process [Bt)t>o in {£1,71), f2 = Go(M+), endowed with the G- 
expectation E is a G-Brownian motion. 

Remark 2.9 In ^j, J2[/, \10j and llSPij , Peng established a stochastic calculus of ltd 's type with 
respect to the G-Brownian motion and its quadratic variation process. Peng derived an Ito's 
formula and moreover, he obtained the existence and uniqueness of the solution to stochastic 
differential equations with Lipschitz coefficients driven by the G-Brownian motion. 

In order to simplify notations, we will only consider one dimensional stochastic differential 
equations driven by the G-Brownian motion. Multidimensional stochastic differential equations 
driven by the G-Brownian motion can be studied in the similar way. 
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In what follows, we let T be an arbitrarily fixed time horizon and {Bt, < t < T} a one 
dimensional G-Brownian motion, and we consider the following stochastic differential equation: 

Xf = x + [ b(s,X*)ds + [ a{s,X x s )dB s + I h{s,X x s )d{B) s , t€ [0,T], (2.1) 
Jo Jo Jo 

where the initial condition x 6 R is given and b(-, •), <r(-, •), h(-, ■) : [0,T] x R — > R such that 
b{-,x),a{-,x),h{-,x) £ M^(0, T), for very Let us make the following assumption: 

(H) There exists a positive constant L such that, for all x,x' € R, f £ [0, T], 

- 6(t,x')| + |cr(i, x) - a{t,x')\ + - h(t,x')\ < L\x - x'\, 

Lemma 2.10 Under assumption (H) there exists a unique solution X G Mq(0,T) of the 
stochastic differential equation \2.1\) . 



Lemma 2.11 For every p > 2, there exists a positive constant C p such that, for any T > and 
V eM?(0,T), 



E 



E sup | / 7] s ds\ p 
L te[o,T] Jo 

sup | / rj s d(B) s \ p 
te[o,T] Jo 

t 











< 


rpp-1 


[ E 


\'ls\ 






/o 












< 


rpp-1 


f E 


\'ls\ 
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ds, 
ds, 



E 



sup | / r] s dB s \ p 
te[o,T] Jo 









[ E 


In \ p 
\'h\ 


ds 


Jo 







3 Differentiability of solutions of SDEs driven by the G-Brownian 
motion with respect to the initial data 

The objective of this section is to study the differentiability of solutions of stochastic differential 
equations driven by the G-Brownian motion with respect to the initial data. We first give a 
definition of continuity and differentiability as follows: 

Definition 3.1 A process {^}te[o,T] is said to be continuous in Lq if 

UmE[\Y t -Y t+h \ 2 } = 0. 

Definition 3.2 Let g(x) = g{x\, ■ ■ ■ ,x n ) and f{x) = f{x\, ■ ■ ■ ,x n ) be random functions. For 
some 1 <i < n, if 



limE f{xi,--- ,x n )\ 

h->0 h 



0. 



then we define the partial derivative of g(x±, ■ ■ ■ ,x n ) with respect to X{ as f{x\,--- ,x n ). We 
write 



dg(xi, ■■■ ,x n ) 
dxi 



9xi j x n) — f{%lt i %n)- 



We also need the following propositions. 
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Proposition 3.3 Under assumption (H), for all p > 0, we have the following estimate for the 
solution X of SDE (20]) : for all r £ [0, T], 



E[ sup < C < +oo. 

te[o,r] 



iJere i/ie constant C = C(p,x,r). 



Proof: We give the proof in three steps. 
Step 1. For p > 2, by equation (12. ip we have 



\Xf\ p < 3" -1 (|sc| p + | I b(s,X*)ds\ p + | f a(s,X*)dB s \ p + \ I h{s } X x s )d{B) t 
^ io 

From the subadditivity of the G-expectation it follows that 



E[sup \Xf\ p ] < 3 P ~ X (\x\ p + E 



sup 

te[o,r] Jo 



b(s,X*)ds\ 



-E 



sup | / o(s,X x s )dB s \ p 
te[o,r] Jo 







+ E 


sup | / 




L te[o,r] Jo 



E[ sup \Xf \ p ] < C 

te[0,r] 



\x\ p + r p ~ 1 



Thus, from (H), Lemma 12.111 it follows that 

n (l+E^n)* 

+rl' 1 y (l+t[\X*\ p ])ds + r p - 1 I (l+t[\Xf\ p ])ds 
< C(l+ E[\X%\ p ]ds 



< C(l+ / E[ sup |JC?| p ]da). 
A) s'e[o,s] 



Then Gronwall's inequality yields 

E[ sup \Xf \ p ] < C < +oo. 
te[0,r] 

Step 2. For all 1 < p < 2, from Holder inequality under the G-expectation and Step 1 it 
follows that 

E[ sup \Xf \ p ] < E[ sup \Xf \ 2p }^ < C < +oo. 
te[0,r] te[0,r] 

Step 3. For all < p < 1, since 

\X?\ P < \Xf \ p l {lx? | P < 1} + |Xf |f l {)Xf | P > 1} < 1 + |Xf 
then from step 2 we have 

E[ sup \Xf \ p ] < E[l + sup |Xf < G < +oo. 

te[0,r] te[o,r] 



The proof is complete. 

Similar to the proof of Proposition 13.31 we have the following proposition. 



□ 
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Proposition 3.4 Let us assume (H). Then for every p > 2 there exists a positive constant C 
such that 

E[|Xf-X t T] <C\x-y\*, for allte[0,T], 
where C depends only on p, T. 

We have the following differentiability result with respect to the initial data. 



Theorem 3.5 For all t G [0,T], if b x (t, -),a x (t, -),h x (t, ■) G Ci t u p (M) and are bounded, then Xf 
is dijferentiable in L G with respect to x. Moreover, Y x := satisfies the following stochastic 
differential equation 

Y t x = l+ [ b x (s, X x )Y x ds + f a x (s, X x )Y x dB s + I h x (s, X x )Y x d(B) s , t G [0, T]. (3.1) 
Jo Jo Jo 

Proof: Let h ^ be small. For simplicity, we put 



V V 

•\r VX V V* V -v-X+h ryh t -f^-t 

A < ■— A t ) *t ■— If > A * A t 1 L t 



h 



Then we have 



= l + ^J t [b(s,X s )-b(s,X s )]ds + ^J t [a(s,X s )-a(s,X s )}dB s 
1 /■* 

+- / [h(s,X s )-h(s,X s )]d(B) s . (3.2) 



Since b x (t,-),a x (t,-),h x (t,-) G Q t u p (R), t G [0,T], we have 

= 1+ f [ b x (s,X s + 9(X s -X s ))d9Z^ds 
Jo Jo 
ft ri 

+ 



f [ a x {s,X s + 9(X s -X s ))d9Z^dB s 

Jo Jo 

[ [ h x {a,X a + 9(X a -X.))MZ*d(B) l 

Jo Jo 



l + h + I 2 + 1 3 . (3.3) 



Therefore, for some k G N, 

E[ sup \h - [ b x (s,X s )Y s ds\ 
te\o,T] Jo 



te[o,T] 

< 2E[| f [ 1 \b x (s,X s + 9(X s -X s ))\d9\Z*-Y s \ds\ 2 ] 
Jo Jo 

1 21 



+2E[| / / \b x (s,X s + 9(X s -X s ))-b x (s,X s )\d9\Y s \ds\< 
Jo Jo 

r T 

< CE[ / \Z h s - Y s \ 2 ds] 
Jo 

+CE[\ / (\X S - X s \ + \X S - X s \ k+1 + \X s \ k \X s - X s \)\Y s \ds\ 2 ] 
Jo 

For all e > 0, from 2ab < ^a? + eb 2 ,a,b > 0, it follows that 

E[ sup \h- [ b x {s,X s )Y s ds\ 2 } 
telo.T] Jo 
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< C E[ sup \Z^ -Y r \ 2 ds\ + Ce / E[\Y s \ A ]ds. 
Jo re[0,s] Jo 

+ - [ T E[\Xs - X s \ 4 + \X S - X s \ Ak+A + \X s \ ik \X s - X s f]ds. 
£ Jo 



e 7o 

Then by virtue of Proposition 13.31 and Proposition 13.44 we obtain 

ct 



E[ sup \h- [ b x {s,X s )Y s ds\ 2 } 
te[o,T] Jo 

< C [ T E[ sup \Z? -Y r \ 2 ds] + Ce + -(h A + h Ak+A ). (3.4) 
■/ refO.sl e 



E 

re[0 

Using the similar argument we obtain that for some m 6 N 

|2i 



E[ sup \I 2 - [ a x {s,X s )Y s dB 

te[0,T] JO 

< c/ E[ sup |Z r h -y r | 2 ](is + C Y e+-(/i 4 + / i 

■/ refO.sl £ 



and for some n E N, 



'0 re[0 

Then (ETT]) . Q , M . (1331) and yield 

E[ sup |^-y t | 2 ] 
te[o,T] 



< C [ E[ sup |Z r h - y r | 2 ]ds + + -(/i 4 + /i 4fc+4 + /i 4m+4 + /i 4n+4 ), 

J refO.sl £ 



'0 r€[0 

and from Gronwall's inequality it follows that 



te[0,T] 

Letting /i — )• 0, we get 
Therefore, 



E[ sup \Z? - Y t \ 2 } <Ce+ j(h A + h Ak+A + h 4m+i + /i 4n+4 ). 



limE[ sup \Z? - Y t \ 2 } < Ce. 
h ->° te[o,T\ 



(3.5) 



E[ sup \I 3 - [ h x (s,X s )Y s d(B) s \ 2 } 

t£[0,T] Jo 

< C F ±[ sup \Z? -Y r \ 2 ]ds + Ce+-(h 4 + h 4n+A ). (3.6) 

Jo refO.sl e 



lim E[ sup \Z^ - Y t \ 2 } = 0. (3.7) 

te[o,T] 

The proof is complete. □ 

Remark 3.6 We can check that the following holds true, which we will use in what follows. 

limE[ sup \Z^ - y t | 4 ] = 0. 
h ~+° te[o,T] 
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Theorem 3.7 Under the conditions of Theorem \3.5\ -g^- is continuous with respect to t in L G . 

Proof: We use the same notations as those in the proof of Theorem 13.51 For all t € [0,T], 
by the condition of b, a, h and Proposition 13.41 we have 

E[\Zt\ 2 } < 4 + ^E[\ f\b{s,X s ) - b(s,X s )]ds\ 2 } + ^E[| j\a(s,X s ) - a(s, X s )]dB s \ 2 ] 

+^E[| j [h(s,X s ) - h(s,X s )]d(B) s \ 2 } 

At I 4 - ~ 4 f* - ~ 

< 4 + ^ E[\b(s,X s )-b(s,X s )\ 2 ]ds + -^ J E[\a(s,X s )-a(s,X s )\ 2 ]ds 

At r l ~ ~ 

+-^J E[\h(s,X s )-h(s,X s )\ 2 ]ds 

< 4 + ^^ E[\X S - X s \ 2 ]ds 

< c, 

where C is a constant depending on T and the Lipschitz constant of b,a,h. Therefore, from 
(|3.7|) we have 

E[|Y t | 2 ] < 2E[\Y t - Z?\ 2 } + 2E[|Zf| 2 ] < K < oo. 
Without loss of generality, we suppose that < r < t < T. By (|3.2j) we have 

E[\Z? - Zlf] < ^E[| j\b(s,X s ) - b(s,X s )]ds\ 2 } + Ae[| j\a(s,X s ) - a(s, X s )]dB s \ 2 } 

+^E[\ j\h(s,X s ) - h(s,X s )}d(B) s \ 2 }. 

Then by virtue of Lipschitz condition of b and Proposition 13. 4| we obtain 

^E[| j\b(s,X s )-b(s,X s )]d S \ 2 } 

< t^L J t[\b(s,X s )-b(s,X s )\ 2 ]ds 

- f nx s - x s \ 2 ]ds 

< C(t-r) 2 , 

where C is a constant which is independent of t,s. Using the similar argument we obtain 
^E[| j\a(s,X s ) - a(s, X s )]dB s \ 2 } < C(t - r), 



and 

h 2 



^E[| J [h(s, X„) - h(s, X s )]d(B) s \ 2 ] < C(t - r) 2 . 

Then from the above inequalities we have 

E[\Z^-Z^\ 2 ] <K{t-r). (3.8) 



Therefore, by (|3.7p and (|3.8|) we have 



E[\Y t -Y s \ 2 ] < 3E[\Y t - Z t T] + 3E[\Z? - Z h s \ l \ + 3E[\Z* - Y s 
-> 0, 



as £ — > s. The proof is complete. □ 

Theorem 3.8 Under the conditions of Theorem \3.5\ and fort G [0, T], ifb xx (t, -),(7 xx {t, ■)> h xx (t, •) G 
Cj,iip(K) a^rf bounded, then is continuously differentiate in L G with respect to x. More- 
over, Pf := d ^ satisfies the following stochastic differential equation 

P? = [ t b xx (s,X*)(Y?) 2 ds+ f a xx (s,X*)(Y s x ) 2 dB s + f h xx (s, Xf)(Y* fd{B) s 
Jo Jo Jo 

+ [ b x {s,X x s )P*ds + [ a x (s,X x )P x dB s + [ h x (s,X*)P*d(B) s , te[0,T], 
Jo Jo Jo 

where Y t x is defined in Theorem 1 3. 51 

Proof: Let h ^ be small. We use the same notations as Theorem 13.51 For simplicity, we 
also put 

Pf.= Pf, Q>?:=^±. 

Then we have 

Qt = \ j\b x (s,X s )Y s -b x (s,X s )Y s }ds + ^ J t [a x (s,X s )Y s -a x (s,X s )Y s ]dB s 

I ft „ „ 

+- J [h x {s,X s )Y s -h x (s,X s )Y s ]d(B) s . 

Since b xx (t,-),a xx (t,-),h xx (t,-) G C Mip (R), for all t G [0,T], we have 

Q h t =h + I 2 + I 3 , (3.9) 

where 

f b x (s,X s )Q h s ds+ [ f 1 b xx (s,X s + 9(X S - X s ))d6Z h s Y s ds, 
Jo Jo Jo 

I a x (s, X s )Q h s dB s + [ f a xx (s, X s + 6{X S - X s ))d6Z^Y s dB s , 
Jo Jo Jo 

h = I h x (s,X s )Q h s d(B) s + [ [ h xx (s,X s + 9(X s -X s ))d6Z^Y s d(B) s . 
Jo Jo Jo 

Since b x (t, •) G Ci t n p (M.), t G [0, T], and is bounded, we have, for some k G N, 

»t ft 



h 
h 



E[ sup | f b x { Sl X s )Q h s ds- [ b x (s,X s )P s ds\ 2 } 
te[o,T] Jo Jo 

< 2E[(/ T \b x (s,X s )\\Q h s -P s \ds) 2 ] 
Jo 

+2E[( f \b x (s,X) - b x (s,X s )\\Ps\ds) 2 } 
Jo 
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< CE[f \Q h s -P s \ 2 ds] 
Jo 

+CE[( / (\X S - X s \ + \X S - X s \ k+1 + \X s \ k \X s - X s \)\P s \ds) 2 } 
Jo 

For all e > 0, from 2ab < \c? + eb 2 ,a,b > 0, it follows that, 

E[sup | f b x (s,X s )Q h s ds- [ b x (s,X s )P s ds\ 2 } 
te[o,T] Jo Jo 

< CE[ [ T \Q h s - P s \ 2 ds] + Ce [ T ±[\Y s \ 4 ]ds 
Jo Jo 

+- [ E[\X S - X S \ A + \X S - X s \ ik+i + \X s \ ik \X s - X^ds. 
£ Jo 

Then by virtue of Proposition 13.31 and Proposition 13.41 we obtain 

E[sup | I b x {s,X s )Q h s ds- [ b x (s,X s )P s ds\ 2 } 
te[o,T] Jo Jo 

< C / T E[sup \Q h r -P r \ 2 ds]+Ce + -{h A + h Ak+i ). 

Jo re[0,s] £ 

Since b xx (t, •) E Ci t u p (M.), t E [0,T] and is bounded, we have, for some I E N, 

E[sup | f f b xx (s,X s + 9(X s -X s ))d9Z^Y s ds- f b xx (s, X S )Y; 
te[o,T] Jo Jo Jo 

^2| J \2l 



(3.10) 



2 j„|2i 



ds\ 



< 2E[(/ f \b xx {s,X s + 9{X s -X s ))\d9\Z^Y s -Y 2 \ds) 

Jo Jo 

+2E[(/ ( \b xx (s,X s + 9(X s -X s ))-b xx (s,X s )\d9Y 2 ds) 
Jo Jo 

< 2E[(/ T |^y s -y s 2 |^) 2 ] 

Jo 

+2E[( / (\X S - X s \ + |X S - X s \ l+1 + |X S |'|X S - X s \)Y 2 ds) 
Jo 



For all e > 0, from 2ab < |a + e6 , a, b > 0, it follows that 



la 2 + eb 2 , 

E[ sup | / f b xx (s,X s + 9(X s -X s ))d9Z^Y s ds- [ b xx (s, X s )Y 2 ds\ 2 } 
te[o,T] Jo Jo Jo 

< -E[ sup \Z*-Y a \ 4 ]+Ce [ T E[\Y s \ A ]ds 
£ te[o,T] Jo 

+- [ T ti\x s - X s \ 4 + \X S - X s \* l+A + \X s \ Al \X s - X s \ A ]ds. 
£ Jo 



e Jo 

Then by means of Proposition 13.31 and Proposition 13.41 we obtain 

-t r l rt 



E[sup | f [ b xx (s,X s + 9(X s -X s ))d9Z^Y s ds- [ b xx {s,X s )Y 2 ds\ 2 ] 
te[o,T] Jo Jo Jo 



< -E[ sup \Z% -Y s \ 4 ]+Ce + -(h 4 + h 4l+4 ). (3.11) 

£ te[o,T] £ 
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From (IXT0|) and (|3TTTj) it follows that 

E[ sup \I X - f b x {s,X s )P s ds- f b xx (s,X s )Y 2 ds\ 2 } 
i£[0,T] Jo Jo 

< C F t[ sup \Q h r - P r \ 2 ]ds + Ce + -(h A + h Ak+A + h Al+A ) + -E[ sup \Z h s - Y S \ A \. 
Jo re[o,s] £ £ te[o,T\ 

Using the similar argument we obtain, for some m, n £ N, 



E[ sup \I 2 - / a x {s,X s )P s dB s - / a xx {s,X s )Y 2 dB. 
te[o,T] Jo Jo 



■si 2 ] 



\Z^~Y S \ A ] 
te[o,T] 



< r / ' ?: sup |Q* - P r \ 2 ]ds + Ce + -(h A + h Am+A + h An+A ) + -E[ sup 

JO re[0,s] e e i6[0,T] 

and for some p, q G N, 

E[ sup |I 3 - f h x (s,X s )P s d(B) s - f h xx (s,X s )Y 2 d(B) s \ 2 } 

t£[0,T] Jo JO 

< C f T t[ sup \Q h r - P r \ 2 ]ds + Ce + -{h A + h A ? +A + h Aq+A ) + -E[ sup \Z h s - Y S \ A \. 

Jo re[0,s] £ e t€[0,T] 

Then the above inequalities yield 

E[ sup \Ql-P t \ 2 } 
te[o,T] 

< cf E[sup \Q h r -P r \ 2 ]ds + -t[ sup \Z*-Y S \ A ] 
Jo re[0,s] £ te[o,T] 

+Ce + | {h A + h Ak+A + h Al+A + h Am+A + /i 4n+4 + h Ap+A + /i 4 "+ 4 ), 
and Gronwall's inequality yields 

E[ sup IQ't-Ptl 2 } < Ce + -E[ sup \Z^-Y S \ A ] 
te[o,T] £ te[o,T] 

+ £(^4 + ^fc+4 + h il+4 + ^4m+4 + + + ^+4^ 

By Remark 13.61 we get 

limE[ sup \Q l l - P t \ 2 } < Ce. 
h ~*° te[o,T\ 

Therefore, 

lim E[ sup \Q^ - P t \ 2 ] = 0. (3.12) 

te[o,T] 

The proof is complete. □ 
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4 Differentiability of solutions of SDEs driven by the G-Brownian 
motion with respect to the parameter 

The aim of this section is to study the differentiability of solutions of stochastic differential 
equations driven by the G-Brownian motion with respect to the parameter. We consider the 
following stochastic differential equation depending on the parameter: 

X? = x{a)+[ b(a,s,X*)ds+ [ a(a, s, X°)dB s + [ h{a,s,X°)d(B) s , t € [0,T], (4.1) 
Jo Jo Jo 

where the initial condition a i— > x(a) : R i— >• R is given. Let us make the following assumptions: 

(H4.1) The functions x, b, a, h : R x [0, T] X R i— >■ R are Lipschitz in x and a, uniformly with 
respect to t € [0, T\. 

Proposition 4.1 Under assumption (HJ^.l), {-X""} is continuous in Lq with respect to a. 

Proof: Let a, (3 € R, and t € [0, T]. From the stochastic differential equation f|4. 1 1) . Lemma 
12.111 the subadditivity of G-expectation and (H4.1) we have 



E[\X?-X?f] < 4 |x(a)-x(/3)| 2 +E 



t r 



b(a,X?)-b(p,X%) dsf 



+E 



o-(a,X?)-o-([3,xP) 



dB, 



h(a,X«)-h((3,xP) d{B) t 



E 



ds). 



< C(\a-f3\ 2 + 

Thanks to Gronwall's inequality we get 

E[|Xf-Xf| 2 ] < C\a — j3\ 2 , t E [0, T] 
then we get the desired result. 



(4.2) 



□ 



Proposition 4.2 Under assumption (H4-1), we have for every p > the following estimate for 
the solution X of SDE for all r G [0, T], 

E[ sup \X?\ P ] < C < +oo. 
te[0,r] 

Here the constant C = C(p,r,a). 

Proposition 4.3 Let us assume (H4-1). Then for every p > 2, there exists a positive constant 
C such that 

E[ sup \X? - X^\ p ] < C\a - /3\ p , for all t G [0,T]. 

te[o,T] 

HereC = C(p, T). 

The proofs of the above propositions are similar to the proof of Proposition 13.31 We omit it. 
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Theorem 4.4 Fort G [0,T], ifb x (;t,-),a x (;t,-),h x (-,t,-),b a (;t,-),a a (-,t,-),h a (-,t,-) G Q Mp (R 2 ), 
b x (-,t, ■), a x (-,t, ■), h x (-,t, ■) are bounded and x(-) is differentiable, then Xf is differentiable in 
Lq with respect to a. Moreover, for all t G [0, T],Y t a := —q^- satisfies the following stochastic 
differential equation 

Y t a = x'(a)+ [ b x {a,s,X°)Y s a ds + [ a x {a, s, X°)Y s a dB s + f h x {a, s, X«)Y s a d(B) s 
Jo Jo Jo 

+ ( b a (a,s,Xf)ds + [ a a {a,s,X«)dB s + [ h a (a,s,X«)d(B) s . 
Jo Jo Jo 

Proof: Let h ^ be small. For simplicity, we put 

V V 

XVOl -\r -w-a v va+h ryh t -^t 
t •— A t ) Y t ■— *t i A < •— A t > Z i •— 7 • 



Then we have 



„ h x(a + h)-x(a) 1 /"* , ~ , . TA sl , 

Zt = — 1 — + ^ [b(a + h,s,X s )-b(a,s,X s )]ds 

1 f* 

+ - / [a(a + h,s,X s ) - a(a,s,X s )]dB s 
1 /•* 

+- / [h{a + h,s,X s )-h{a,s,X s )]d(B) s (4.3) 
" Jo 



x(a + h)-x(a) , T , T , T 



where 



h = t [ [b(a + h,s,X s ) - b(a,s,X s )]ds + - [ [b(a,s,X s ) - b(a, s, X s )]ds, 
ft Jo h J 

h = t [ [o~{a + h,s,X 3 ) - a(a,s,X s )]dB s + - [ [a(a,s,X s ) - a(a, s, X s )]dB s , 
hJo hj 

h = \ I [h(a + h,s,X s )-h{a,s,X s )\d{B) s + \ I [h(a, s,X s ) - h(a, s,X s )]d(B) s . 
ft Jo ft Jo 

Since b x (-,t,-),b x (-,t,-) G Q^M. 2 ), t G [0,T], we have 

h = f f b a (a + 0h,s,X s )d0ds + [ [ b x {a,s,X s + 0(X S - X s ))dOZ^ds. 
Jo Jo Jo Jo 

Therefore, for some k G N, 

M sup I / / b n (a + Oh, s, X q )dOds — / b n (a, s, X*)ds\ 2 



[ sup | / / b a (a + Oh, s, X s )dOds — \ b a (a, s, X s )d 
te[o,r] Jo Jo Jo 

< CE[f [ \b a (a + 0h,s,X s ) -b a (a,s,X s )\ 2 d0ds] 
Jo Jo 



10 Jo 

+CE[f \b a {a,s,X s )-b a {a,s,X s )\ 2 ds] 







< C(h z + h A * +z ) 

(■T 



+C [ t[(\X a - X s \ + \X S - X s \ k+1 + \X s \ k \X s - X s \) 2 ]ds, 
Jo 
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and by Proposition 14.21 and Proposition 14.31 we obtain 

-t H rt 



E[ sup | / / b a (a + 6h, s, X s )dOds — / b a (a, s, X s )ds\ 
t€\0,T] Jo Jo Jo 



2] 



te[o,T] Jo Jo Jo 

< C ( h 2 + h 2k+2y 



Using the argument similar to the proof of Theorem 13.51 we get for some I £ N, 

E[ sup | [ [ b x (a,s,X s + 9(X s -X s ))d8Z*ds- [ b x (a, s, X s )Y s ds\ 
te[o,T] Jo Jo Jo 

< c/ T E[sup \Z?-Y r \ 2 ]ds + Ce + -(h 4 + h 4l+4 ). 

Jo refO.sl £ 



2i 



'0 rG[0,s] 

Consequently, 

r-t ft 



E[ sup \h- [ b a (a,s,X s )ds - [ b x (a, s, X s )Y s ds\ 2 } 
te[o,T] Jo Jo 

< C f T t[ sup \Z* - Y r \ 2 ]ds + Ce + -{h 4 + h 4l+4 ) + C(h 2 + h 2l+2 ). 

Jo re[0,s] £ 
By the similar argument we have for some m, n 6 N, 

E[ sup \I 2 - f a x (s,X s )Y s dB s - [ a a (a, s, X s )dB s \ 2 ] 
te[o,T] Jo Jo 

< C f T t[ sup \Z^ - Y r \ 2 ]ds + Ce+ -{h 4 + h 4n+4 ) + C(h 2 + h 2m+2 ). 

Jo r€[0,s] £ 

and for some p,g£N, 

't rt 



IS \ 2 ] 



E[ sup |/ 3 - I h x (s,X s )Y s d(B) s - [ h a (a,s > X s )d{B} l 
te[o,T] jo jo 

< C f T t[ sup |Z r h - Y r \ 2 ]ds + Ce + -{h 4 + /i 4 "+ 4 ) + C(h 2 + /i 2 p +2 ) 

■/ re[0,s] £ 
Then the above inequalities yield 

E[ sup \Z? -Y t \ 2 } 
te[o,T] 

< C f T E[ sup |Z r h - Y r \ 2 ]ds + Ce + -(h 4 + /i 4 '+ 4 + h 4n+4 + /i 4,?+4 ) 

■/ re[0,s] e 

+C(/ l 2 + / l 2fc+2 + / l 2m+2 + /i 2p+2 ). 
Therefore, from Gronwall's inequality it follows that 

E[ sup - Y t \ 2 } < Ce+ -(h 4 + /i 4/+4 + h 4n+4 + /i 4g+4 ) 
te[o,T] £ 

+ C(h 2 + h 2k+2 + h 2m+2 + h 2 P+ 2 ). 

Letting h — > 0, we get 

limE[ sup |Z£ - y 4 | 2 ] < Ce. 

te[0,T] 
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Therefore, 

lim E[ sup \Z? - Y t \ 2 } = 0. (4.4) 
h ~>° te[o,T] 

The proof is complete. □ 

Remark 4.5 We can check that the following holds true in the proof of the above theorem, 
which we will use in what follows. 

limE[ sup \Z? -Y t \ A ] = 0. 
te[0,T] 

Proposition 4.6 Under the conditions of Theorem \4-4\ if x (') *s continuously differentiable, 
then is continuous with respect to t in l? G . 

Proof: We use the same notations as those in the proof of Theorem 14.41 For all t E [0,T], 
by the condition of b, a, h and Proposition 14.31 we have 

E[\Z^\ 2 ] < 4 + ^E[\ j\b(a + h,s,X s )-b(a,s,X s )]ds\ 2 } 
+pE[| J [a{a + h,s,X s ) - a(a, s, X s )]dB s \ 2 } 

+^E[\ J [h(a + h, s, X s ) - h(a, s, X s )]d(B) s \ 2 } 

At I' 1 - ~ 

< 4 + E[b(a + h,s,X s )-b(a,s,X s )] 2 ]ds 

4 /"* » ~ 
+ — J E[\a(a + h,s,X s ) - a(a,s,X s )\ 2 ]ds 

4f f* - ~ 
+^ J E[\h(a + h,s,X s )-h(a,s,X s )\ 2 ]ds 

< 4 + E[\X S - X s \ 2 ]ds 

< c, 

where K is a constant depending on T and Lipschitz constant of 6, a, h. Therefore, from (|4.4p 
we have 

E[\Y t \ 2 ] < 2E[|y t - Z?\ 2 } + 21E[|^| 2 ] < C < oo. 
Without loss of generality, we suppose that < r < t < T. By (j4.3|) we have 

E[\Z?-Z?\ 2 } < ^E[\J [b(a + h,s, X 8 ) -b{a,s,X s )]ds\ 2 } 

+^E[| j [a(a + h, s, X s ) - a (a, s, X s )]dB s \ 2 } 

+pE[| J [h(a + h,s,X s ) - h(a,s,X s )]d(B) s \ 2 }. 
Then by virtue of Lipschitz condition of b and Proposition 14. 3\ we obtain 



1 . ft 

^E[\ J [b(a + h,s,X s )-b(a,s,X s )}ds\ 2 ] 
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< t-j^J t[\b(a + h,s,X s )-b(a,s,X s )\ 2 }ds 

< jyi\x s -x s \ 2 +h 2 ]ds 



< C(t-rf, 

where C is a constant which is independent of t,s. By the similar argument we obtain 



i » r* 

^E[\ J [a(a + h,s,X s )-a{a,s,X s )}dB s \ 2 }<C{t-r), 



r-t 

Ml / 

and 

^E[| y [/ l (a + /i, S ,X s )-/ l (a,s,X s )]rf(S) s | 2 ] < C(t - r) 2 . 

Then the above inequalities yield 

E[\Z? - Z^\ 2 ] < K(t - r). (4.5) 
Therefore, by (|4.4|) and (|4.5p we have 

E[|F t -Y s | 2 ] < 3E[|y t -Z/ l | 2 ] + 3E[|Z t ' l -Z s /l | 2 ] + 3E[|Z s /l -y s | 2 ] 

-> o, 

as t — > s. The proof is complete. □ 

Proposition 4.7 Under the conditions of Theorem \4-4\ if x {') ^ s continuously differentiable, 
then 

lim E[ sup \Y t a - Y t a+h \ 2 } = 
h ~+° te[o,T] 

Proof: Let h ^ be small. For simplicity, we put 

Y . va v . y-Q+Zi v V a V ■ \ra+h 

M ■— > A * •— A t > Y t ■— *t > r * Y t 

Then we have 

%-Y t = x'(a + h)- x'(a) + h + h + 4, 

where 

't rt 



h = [b x (a + h,s,X s )Y s - b x (a,s,X s )Y s ]ds + / [b a (a + h, s, X s ) - b a (a, s, X s )]ds, 
Jo Jo 

h = [a x (a + h,s,X s )Y s -a x (a,s,X s )Y s ]dB s + [a a (a + h, s, X s ) - a a (a, s, X s )]dB s , 
Jo Jo 

h = [h x (a + h,s,X s )Y s -h x (a,s,X s )Y s ]d(B) s + / [h a (a + h, s, X s ) - h a a, s, X s )]d(B) t 
Jo Jo 

For all e > 0, from 2ab < ^a 2 + eb 2 ,a,b > 0, it follows that for some k G N, 

E[ sup | / [6 x (a + /i,s,X a )y a -fe x (a,s,X s )y s ]ds| 2 ] 
tefo.ri Jo 
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< 2E[| / [b x (a + h,s,X s )(Y s -Y s )}ds\ 2 ] 

Jo 

+2E[| f [b x (a + h,s,X s )-b x (a,s,X s )}Y s ds\ 2 ] 
Jo 

r T ~ r T r T 

< CE[ \Y S -Y s \ 2 ds] + C{h 2 + h 2k+2 ) E[\Y s \ 2 ]ds + Ce E[\Y s \ A ]ds 

Jo Jo Jo 

+- [ t[\X s - X S \ A + \X S - X s \ Ak+A + \X s \ Ak \X s - X s \ A ]ds. 
£ Jo 



rT 
£ Jo 

Then by virtue of Proposition 14.21 and Proposition 14. 3| we obtain 

■■I 



E[ sup | / [b a (a + h,s,X s ) - b a (a, s, X s )]ds\ 2 ] 
te[o,r] Jo 

< CE{ f T \Y S - Y s \ 2 ds] + C(h 2 + h 2k+2 ) + Ce + -(h A + h Ak+A ). 
Jo £ 

On the other hand, for some I G N, 

IE [ sup | / [b a (a + h, s,X s ) - b a (a, s,X s )]ds\ 2 } 
te[o,T] Jo 

< C (h 2 + h 2l+2 ) + c [ T t[\x s - X s \ 2 + \X S - X s \ 2l+2 + \X s \ 2l \X s - X s \ 2 ]ds 
Jo 



< c(h 2 + h a+2 ). 
Therefore, 



E[ sup \h\ 2 ] < CE[ [ T \Y S - Y s \ 2 ds] + C(h 2 + h 2k+2 + h 2l+2 ) + Ce + -{h A + h Ak+A ). 
tefo.Tl Jo £ 



te[o,T] Jo 
Similarly, we have for some m,n G N, 



E[ sup |/ 2 | 2 ] < CE[ [ \Y S - Y s \ 2 ds] + C(h 2 + /i 2m+2 + h 2n+2 ) + Ce + -(h A + h Am+A 
te\o,T] Jo £ 



te[o,T] 

and for some p, g G N, 

E[ sup |/ 2 | 2 ] < CE[ C \Y S - Y s \ 2 ds] + C(h 2 + /j 2p+2 + h 2q+2 ) + Ce+-(h A + h Ap+A ). 
te[o,T\ Jo £ 

Thus, 

E[ sup \Y t - Y t \ 2 } < CE[ C sup \Y r - Y r \ 2 ds] + -{h A + h Ak+A + h Am+A + h Ap+A ) 
te[o,T] Jo re[o,s] £ 

+C(h 2 + h 2k+2 + h 2l+2 + h 2m+2 + h 2n+2 + h 2p+2 + /i 2 *+ 2 ) 

+Ce + |x'(a + /i) - x'(q)| 2 . 

Due to Gronwall's inequality we get 

E[ sup \Y t - Y t \ 2 } < ^L(h A + h Ak+A + h Am+A + h Ap+A ) + Ce+\x'{a + h)-x'{a)\ 2 
te[o,T] £ 

+C(h 2 + h 2k+2 + h 2l+2 + h 2m+2 + h 2n+2 + h 2p+2 + /i 2 *+ 2 ). 
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Letting h — > 0, we get 



Consequently, 



limE[ sup \Y t -Y t \ 2 } < Ce. 
te[o,T] 



limE[ sup \Y t - Y t \ 2 ] = 
te[o,T] 



The proof is complete. □ 



Theorem 4.8 Under the condition of Theorem \4-4l x (') twice differentiable and for all 
t £ [0, T], b xx (-,t,-),b xa (-,t,-),a xx (-,t,-),a xa (-,t,-),h xx (-,t,-),h xa (-,t,-) £ C^QR 2 ) and are 

bounded, then is continuously differentiable in L G with respect to x. Moreover, P° := dc J 
satisfies the following stochastic differential equation 

P t a = x"(a)+ [ t b xx (a,s,X°)(Y s a ) 2 ds+ [ a xx (a, s, X°)(Y s a ) 2 dB s 
Jo Jo 

+ / h xx (a,s,X«)(Y s a ) 2 d(B) s + [ b x (a,s,X«)P«ds + [ a x (a, s, X«)P«dB s 
Jo Jo Jo 

+ / h x (a,s,X«)Py(B) s + 2 [ b xa (a,s,X°)Y s a ds 
Jo Jo 

+2 / a xa (a,s,Xf)Y s a dB s + 2 [ h xa (a, s, Xf)Y s a d(B) s 
Jo Jo 

+ / b aa (a,s,X°)ds + / cr aa (a,s,Xf)dB s + / h aa (a,s,Xf)d(B) s , (4.6) 
io io JO 



where Yf is defined in Theorem 4-4 



Proof: Let h ^ be small. We use the same notations as Theorem 14.41 For simplicity, we 
also put 



Pt := Pt, Qt ■ 



Y,-Y 



Then we have 



where 



h _ x(a + h)-x(a) 
Qt ~ h 



l r ~ ~ 

r / [b x (a + h,s,X s )Y s -b x (a, s,X s )Y s ]ds 
h Jo 

1 /"* 

+- / [b a (a + h,s,X s ) - b a (a,s,X s )]ds, 
hJo 

I ft „ „ 

- \ [a x (a + h,s,X s )Y s - a x (a, s, X s )Y s ]dB s 
1 f* 

+ h J l a a( a + h,s,X 3 ) - a a (a,s,X s )\dB s , 
^j\h x (a + h,s,X s )Y s -h x (s,X s )Y s ]d(B) s 
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1 f* 

+ ~h J ^ ha ( a + /l ' s ' Xs ) ~~ h a (a,s,X s )]d(B) l 



We divide the proof into several steps. 

Step 1: Since b xa (-,t,-) £ C Mip (M 2 ), for all t £ [0,T], we have 



^ / [6 a (a + h, s,X s )Y s -b x {a, s,X s )Y s ]ds = [ [ b xa (a + Oh, s, X s )d9Y s ds. 
h Jo Jo Jo 



'0 JO JO 

Then for some k 6 N, 

*t ri rt 



E[ sup I / / b xa (a + 9h,s,X s )d9Y s ds - / 6 xa (a, s, X s )y g ds| : 
te[o,T] jo jo jo 

< 2E[| [ T f 1 b xa (a + 8h,s,X s )d9(Y s -Y s )ds\ 2 } 

Jo Jo 

+2E[(/ / |M« + ^,s,^)-6 a:a (a,s,X s )|^|y s | ( i S ) 2 ] 
JO Jo 

r T ~ r T 

< CE[/ \Y S -Y s \ 2 ds] + C(h 2 + h 2k+2 ) / E[|F s | 2 ]ds 

Jo jo 

+CTE[( / (|X S - X s | + |X S - X s | fc+1 + |X S |*|X S - X s \)\Y s \ds) 2 ]. 
Jo 



For all e > 0, from lab < \a + eb , a, b > 0, Proposition 14.21 and Proposition 14.31 it follows that 

E[ sup I f [ b xa (a + 6h,s,X s )d9Y s ds - [ b xa {a,s,X s )Y s ds\ 2 } 
te[o,T] Jo Jo jo 



< CE[ sup \Y S - Y s \ 2 } + C(h 2 + h 2k+2 ) + Ce + -(h* + h ik+A ). 

se[o,T] £ 



Step 2: Since 

h 

then we have for some I £ N, 



t / [6* (a, s,X s )y s - 63.(0:, s,X s )y s ]ds = / 6 x (a, s,X s )Q^(is, 
" jo JO 



E[ sup I I b x {a,s,X s )Q h s ds- [ b x {a, s, X s )P s ds\ 2 } 
te[o,T] Jo Jo 

< CE[[ T \b x (a,s,X s )\ 2 \Q h s -P s \ 2 ds] 

Jo 

+CK[ [ \b x (a,s,X s ) - b x (a,s,X s )\ 2 \P s \ 2 ds] 
Jo 

< CE[ [ \Q h s - P s \ 2 ds] + Ce [ E[\P s \ 4 ]ds 

Jo Jo 

+- I t\\X s - X s \ 4 + \X 8 - X s f +i + \X s f\X s - X s \*]ds. 
e Jo 

Thus, by virtue of Proposition 14.21 and Proposition 14.31 we obtain 

E[ sup I f b x {a,s,X s )Q h s ds- [ b x (a, s, X s )P s ds\ 2 } 
te\o,T\ Jo Jo 
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< C f Z sup \Q h r - P r \ 2 ds] + Ce+ -(h A + h Al+A ) 

JO r€[0,a] e 



Step 3: Since 

»t rt r i 



\! [b x (a,s,X s )Y s -b x (a,s,X s )Y s ]ds= [ [ b xx (a, s, X s + 6{X S ) - X s )d9Y s Z h s ds, 
h Jo Jo Jo 

then we have for some m G N, 

E[ sup | [ [ b xx (a,s,X s + 9(X s -X s ))d9Z^Y s ds- [ b xx (a, s, X s )Y 2 ds\ 2 } 
te[o,T] Jo Jo Jo 

< 2E[( / T |6 M (a,X. + 6(X S - X s ))\d6\Z^Y s - Y s 2 \ds) 2 ] 

Jo Jo 

+2E[( / / |6^(s,X s + - X 8 )) - b xx (s,X x s )\d9Y 2 ds) 2 ) 
Jo Jo 

< 2±[{f T \Z^Y S -Y 2 \dsf] 

Jo 

+2E[( / (\X S - X s \ + \X S - X s \ m+1 + \X s \ m \X s - X s \)Y 2 ds) 2 }. 
Jo 

For all e > 0, from 2ab < ^a 2 + eb 2 ,a,b > 0, it follows that 

E[ sup | f I b xx (a,s,X s + 9(X S - X s ))d9Z^Y s ds - f b xx (a, s, X s )Y 2 ds\ 2 } 
te[o,T] Jo Jo Jo 

< -E[ sup \Z h s -Y S \ A ] + Ce 
£ te[o,T] 

+- [ T t[\x s - X S \ A + \X S - X s \ Am+A + \X s \ Am \X s - X s \ A ]ds. 
£ Jo 

Using again Proposition 14.21 and Proposition 14.31 we obtain 

E[ sup | f [ b xx (a,s,X s + 9(X s -X s ))d9Z^Y s ds- [ b xx (a, s, X s )Y 2 ds\ 2 } 
te[o,T] Jo Jo Jo 

< -E[ sup \Z h s - Y S \ A ] + Ce+ -{h A + h Am+A ). 

£ t€[0,T] e 

Step 4: Since 

-t rt rl 



- [ [b a (a + h,s,X s ) - b x (a,s,X s )]ds = [ [ b aa (a + 9h, s, X s )d9ds, 
h Jo Jo Jo 

then we have for some n £ N, 

E[ sup | / / b aa (a + 9h, s, X s )d9ds — / b aa (a, s, X s )ds\ 2 ] 
te\o,T\ Jo Jo Jo 



te[o,T] 

|2, 



< E[/ / \b aa (a + 9h,s,X s )-b aa (a,s,X s )\ 2 d9ds] 

Jo Jo 

< C(h 2 + h 2n+2 ). 
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Step 5: Since 

rt 

h 

then we have for some k £ N, 

't rl rt 



\ f [b a (a, s, X s ) - b x (a, s, X s )]ds = [ [ b xa (a, s, (X s + 9(X S - X s )))d9Z^ds, 
11 Jo Jo Jo 



E[ sup | I I b xa (a : s,(X s + 6(X s -X s )))d6Z^ds- [ b xa {a, s, X s )Y s ds\ 2 } 
tefo.Tl Jo Jo Jo 



te[o,T] Jo Jo Jo 

< E[| [ T C b xa (a, s, (X 8 + 0(X S - X s )))d9(Z> s l - Y s )ds\ 2 } 
Jo Jo 

f-T r l 



+E[| I [ (b xa (a,s,(X s + 9(X s -X s )))-b xa (a,s,X s ))d9Y s ds\ 2 ] 
Jo Jo 

< C(h 2 + h 2k+2 ). 



From step 1-step 5 it follows that 

r-t 



E[ sup \h-2 / b xa (a,s,X s )Y s ds - / b x (a, s, X s )P s ds 
te[o,T] Jo Jo 

- / b aa (a,s,X s )ds - / b xx (a,s,X s )Y 2 ds\ 2 ] 
Jo Jo 

< cf E[sup \Q>;.-P r \ 2 }ds + Ce + -(h A + h Al+A + h Am+4 + h Ak+4 ) 

JO re[0,s] £ 

+-E[ sup \Z h s - y s | 4 ] + C(h 2 + h 2n+2 + h 2k+2 ) + CE[ sup \Y S - Y s \ 2 }. 
£ te[o,T] se[o,T] 

Using the similar argument we obtain that for some ki,li,mi,ni G N, 

E[ sup \I 2 - 2 / a xa (a,s,X s )Y s dB s - / a x (a, s, X s )P s dB s 
te[o,T] Jo Jo 

- I cr aa (a,s,X s )dB s - / a xx (a, s, X s )Y 2 dB s \ 2 ] 
Jo Jo 

< C [ E[ sup \Q h r - P r \ 2 \ds + Ce + -(/i 4 + /i 4/l+4 + /i 4mi+4 + /i 4fcl+4 ) 

r6[0,a] e 

+-E[ sup \Z% - Y s \ 4 } + C{h 2 + h 2n ^+ 2 + /i 2fcl+2 ) + CE[ sup |y s - r s | 2 ]. 

e t£[0,T] s6[0,T] 

and for some fo, h,nT>2,n2 & N, 



E[ sup I/3-2/ /^(a,*,*.)*^),- / h x (a,s,X s )P s d(B) s 
te[o,T] Jo Jo 

- [ h aa (a,s,X s )d(B) s - [ h xx (a,s,X s )Y 2 d(B) s \ 2 } 
Jo Jo 

< C [ E[ sup |Q* - P r \ 2 ]ds + Ce + -(h A + h 4h+A + /i 4m2 + 4 + /i 4fc2+4 ) 

J refO.sl £ 



+ -E[ sup - F s | 4 ] + C(/i 2 + h 2n2+2 + /i 2fc2+2 ) + CE[ sup |y s - y | 2 ]. 

e t€[0,T] se[0,T] 
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Then (14. 6p and the above inequalities yield 



< C 



E[ sup \Ql - P t \ 2 } 
te[o,T] 

rT 



E[ sup |Qjf - P r \ 2 ]ds + — E[ sup \Z h s - Y s \ 4 } + Ce 

r6[0,s] £ t£[0,T] 



r6[0,sj c te[0,T] 

+£(^4 + ^42+4 + ^4m+4 + ^4fc+4 + ^4/ 1+ 4 + ^4m 1+ 4 + ^4fc 1+ 4 + ^4J a +4 + ^4m 2 +4 + ^4fc 2 

+C(h 2 + h 2n+2 + h 2k+2 + h 2n ^ 2 + h 2kl+2 + /i 2ri2+2 + h 2M ) + CE[ sup |y a - Y s \ 2 ]. 

se[o,T] 

Thus, from Gronwall's inequality it follows that 



E[ sup \Q h t - P t 
te[o,T] 



< -E[ sup \Z h s - Y s \ 4 ] +Ce + C{h 2 + h 2n+2 + h 2k+2 + h 2n ^ 2 + h 2k ^ 2 + /i 2 ™^ 2 + h 2k ^ 2 
e te[o,T\ 

+ + /,4/+4 + ^4m+4 + ^4fc+4 + ^ 1+ 4 + ^4m 1+ 4 + ^+4 + ^ 2 +4 + ^4m 2+ 4 + ^+4- 



+CE[ sup |Y S - Y a 

se[o,T] 



Then by Remark 14.51 and Proposition 14, 71 we get 

limE[ sup IQ^-Ptl 2 ] <Ce. 

te[o,T] 

Therefore, 

limE[ sup IQ^-PjI 2 ] = 0. 
te[o,T] 

The proof is complete. □ 

5 Stability of stochastic differential equations driven by the 
G-Brownian motion 

In this section, we study the stability of stochastic differential equations driven by the G- 
Brownian motion We consider the following stochastic differential equations: 

X? = X%+ fb n {s,X™)ds + [ a n (s,X™)dB s + f h n (X™)d(B) s , for all t E [0,T], (5.1) 
Jo Jo Jo 

X t = X + f b(s,X s )ds+ f a{s,X s )dB s + f h{s, X s )d(B) s , for all te [0,T], (5.2) 
Jo Jo Jo 

where the initial condition Xq ,Xq £ R is given. 

Theorem 5.1 LetX n ,X be the solutions of equations \5. 1\) and A5.2\) . respectively, andb n ,o~ n , h n 
be Lipschitz with the constant K with respect to x. Assume that 
(i) lim X% = X ; 



23 



(ii) 

lim E[ [ \b n (s,X s ) - b(s,X s )\ 2 ds] = 0, 

lim E[[ \a n (s,X s ) - a(s,X s )\ 2 ds] = 0, 

lim E[/ \h n (s,X s ) -h(s,X s )\ 2 ds] = 0. 

rwoo _/ 

TTien lim E[ sup |X t n - X t | 2 ] = 0. 

n ^°° iG[0,T] 

Proof: By (pTT]) and (pT2]| we obtain that for all t € [0, T], 



where 



it 1 = fr(a s n )-^a s )]^+fK(a s n )-^(a s p s 

J0 JO 

+ [\h n (X2)-h n (X s )}d(B) s , 
Jo 



and 



I 2 = /V(«, + [\a n ( S ,X s )-a( S ,X s )]dB s 

Jo Jo 

+ / [h n (X s ) - h(X s )]d(B) s . 
Jo 

Since b n ,a n ,h n are Lipschitz with respect to x, we have 

E[ sup l^ 1 ! 2 ] < CE[ \b n (s,X")-b n (s,X s )\ 2 ds] + CE[ \a n (s, X™) - a n (s, X s )\ 2 ds] 
te[o,T] 7o Jo 

+CTE[/ |/i n (Xf) - h n {X s )\ 2 ds\ 
Jo 

< CE[/ |X"-X s | 2 ds] 

J o 

< C I t[ sup |X r n - X r | 2 ](is, 

■/ re[0,a] 

where C is a constant, which is independent of n. On the other hand, thanks to (ii) we have 

E[ sup |/ t 2 | 2 ] < 3E[/ \b n (s,X s )-b(s,X s )\ 2 ds]+3E[[ \a n (s,X s ) - a(s,X s )\ 2 ds] 
te[o,T] Jo Jo 

+3E[/ \h n (s,X s ) -h(s,X s )\ 2 ds] 
Jo 

— > 0, n — y oo. 

Therefore, 

E[ sup \X? - X t \ 2 } < 3\XS -X \ 2 + 3E[ sup \l}\ 2 } + 3E[ sup |/ t 2 | 2 ] 
te[o,T] te[o,T\ te[o,T] 
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< 3\X^-X \ 2 + cf E[ sup \X? - X r \ 2 ]ds + m[ sup \I t 
Jo re[0,s] te[o,T] 

Due to Gronwall's inequality, we get 



E[ sup \X? -X t \ 2 } < C\X£ - X \ 2 + CE[ sup |I t 2 | 2 ] 
te[o,T] te[o,T] 

— > 0, n — > oo. 

The proof is complete. □ 

Theorem 5.2 // the Lipschitz condition of b n ,a n ,h n is replaced by the following condition 
(H')There exists a strictly increasing function p : [0,oo) i— > [0, oo) such that p(0) = 0, 

= oo 

and for all x,x' £l 

\b n - b n {x')\ 2 + \a n - a n (x')\ 2 + \h n - h n (x')\ 2 < p(\x - x'\ 2 ), 
then Theorem I5.il holds true. 

By virtue of the following Lemma which was established in [2], the proof is similar to the proof 
of Theorem 15. li We omit it. 

Lemma 5.3 (Bihari inequality) Let uq > and u(t),v(t) be continuous functions on [0,oo). // 
H : R + — > M + be continuous and increasing such that H(t) > for all t > and 



u(t) < uq + I v(s)H(u(s))ds, for all t > 0, 
Jo 



then 

u(t) < F _1 (F(n ) + / v(s)ds), for all t > 0, 

where 



o 



f ds 

F ® = / forallt>0 
Jo H{s) 

and F -1 is the inverse function of F. In particular, uq = and 

ds 



0+ tf 00 " °°' 

then u(t) = 0, for all t > 0. 

Remark 5.4 Under (H'), Bai and Lin Jiy obtained the existence and uniqueness of solutions 
to stochastic differential equations \5.2\ driven by the G-Brownian Motion via the method of the 
successive approximation. 
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